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Abstract. We present a duality construction for locally compacts groups that is simpler 
than the theory of Kac algebras and does not involve the Haar measure in the definition of 
the duality functor. On the category of coinvolutive Hopf-von Neumann algebras (roughly 
speaking, these are Kac algebras without weight), we define a functor M h> M such that 
for every locally compact group G, the algebra Co(G)** is reflexive. Here Go(G)** is the 
enveloping von Neumann algebra of Co (G) , identified with its second dual. Conversely, every 
commutative reflexive algebra is of this form. The dual algebra Go(G)** is the big group 
algebra W*{G) of J.Ernest. 



1. Introduction 

A famous theorem of L. S. Pontryagin states that a commutative locally compact group 
G is isomorphic to its second dual group, where the dual group G is the set of all unitary 
characters of G, which has a natural group structure. 

It is well known that a straightforward generalization to the non-commutative case is 
impossible, because the set G of irreducible unitary representations of G — the natural 
analogue of characters — has no reasonable group structure. The problem can be stated, 
however, in a clear abstract form as follows. 

Let % be a category. Call a functor^ : % — > % a duality if ^ 2 is isomorphic to the identity 
functor. Let CCQ and CCAQ be the categories of all (respectively abelian) locally compact 
groups. On CCAQ we have the Pontryagin duality functor ~. The task is to construct a 
category H with duality, and a faithful functor A : CCQ — > % so that the Pontryagin duality 
is preserved: A{G) ~ -4(G) for every G G CCAQ. This is illustrated by the following diagram: 



U 



A 

CCQ 



A 

CCQ 



CCAQ ► CCAQ 

In this setting, the duality problem has been solved by the theory of Kac algebras (the 
canonical reference is }ESj ). a theory later developed to that of locally compact quantum 
groups (see a recent survey monograph [QSQ. A conceptual difference between this theory 
and that of Pontryagin is the distinguished role of the Haar measure (or its generalization 
called the Haar weight). In the classical theory, the dual group is defined in purely algebraic 
and topological terms: it is just the group of continuous characters. On the contrary, in 
the theory of Kac algebras the Haar weight is a part of the definition and is crucial in the 
construction of the dual object. 

l 
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In this paper, we propose another solution to the problem above, which does not use the 
Haar weight to define the duality. 

Let Ho be the category of Hopf-von Neumann algebras (von Neumann algebras with 
comultiplication and antipode, see definitions in section 2). We define a functor ~ on Ho 
and a full subcategory H of Ho on which this functor is a duality. The objects of H are just 

M € Ho such that M ~ M; let us call such algebras reflexive. We show next that there is 
a faithful contravariant functor A : CCQ — > H, such that for an abelian group G, we have 
A(G)~A(G). 

Very close results were obtained in the thesis of E. Kirchberg in 1977 |Kir| . For a large 
class of algebras, our functor coincides with the weak dual W*U(M )f ) of Kirchberg. However, 
the classes of reflexive algebras are different in these two approaches. 

The following theorem has no analogues in [Kirj : if M ~ M and M is commutative, then 
M = Co(G)** for some locally compact group G. Before, the only known characterizations 
of this kind assumed the existence of a Haar weight. 

Acknowledgements. I am grateful to Prof. M. Enock for pointing me out to the thesis 
[Kir] and for sending a copy of it. I thank Prof. E. Kirchberg for useful correspondence 
concerning his results. As always, I acknowledge gratefully discussions with S. Akbarov. 

2. Definitions and notations 

Notations 2.1. We require that a von Neumann algebra is unital, but we allow it to be 
zero, i.e. the unit may equal zero. For a pair of von Neumann algebras M, N, we denote 
by M®N their von Neumann tensor product. By X(§> ov Y we denote the projective operator 
space tensor product of operator spaces X, Y (more details on operator spaces can be found 
in |ERj). And finally, X (g> Y denotes the algebraic tensor product of two linear spaces X, Y . 
If if is a Hilbert space, then B(H) is the space of bounded linear operators on H. 

Recall the notion of a C*-enveloping algebra, or a C*-envelope of a *-Banach algebra [Pal, 
§11.1]: 

Definition 2.2. Let A be a *-Banach algebra, and let / C A be the common kernel of all its 
""-representations (this is a two-sided *-ideal). A is called reduced if I = {0}. For any x G A, 
||x||* = sup{||-7r(x)||} < co, where supremum is taken over all ^representations ir of A. It is 
known that there is always a constant Ca (depending on A) such that ||x||* ^ C/jJ|:c|| for all 
x £ A [PaH 11.1.5]. On A/I, the quotient seminorm is a norm; the completion of A/I with 
respect to this norm is called the C* -envelope of A and denoted by C*(A). The canonical 
map from A to C*(A) will be denoted by %a- This map is injective if and only if A is reduced. 

For every C*-algebra A, one can associate in a canonical way a von Neumann algebra 
W*(^4), which is called the enveloping von Neumann algebra of A and has the following 
universality property |Dixl 12.1.5]: 

Proposition 2.3. Let A be a C* -algebra and let W be its von Neumann envelope. Let 
$ : A — ?> W be the canonical morphism. Then for every * -representation ir : A — > 13(H) there 
is unique normal * -representation tt : W —> B(H) such that 7f( ( I>x) = ir(x) for every x € A. 
Moreover, ft(W) is the weak closure ofir(A). 

Explicitly, W*{A) is the closure of the image of A under the universal representation. 
Moreover, it can be naturally identified with the second dual space of A. Therefore we often 
write just ^4** instead of W*(A), having in mind this enveloping algebra structure on ^4**. 

A *-Banach algebra is norm dense in its C*-envelope, and a C*-algebra is ultraweakly 
dense in its von Neumann envelope. With a certain abuse of notation, we will also write 
W*(A) instead of W*(C*{A)) if A is a Banach *-algebra. 
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The following definition is crucial for our work. It can be found, e.g., in [ES^ §1.2]: 

Definition 2.4. A coinvolutive Hopf-von Neumann algebra is a triple (M, A, x), where M 
is a von Neumann algebra, A : M — > M®M (comultiplication) is an injective normal unital 
homomorphism such that (A ® id) A = (id ® A) A, and x : M — > M (coinvolution) is an 
involutive *-antihomomorphism such that x 2 = id and (x ® x) A = 0Ax, where # is the flip 
map: 6(a ® 6) = 6 ® a. 

A morphism of coinvolutive Hopf-von Neumann algebras M, N is a normal *-homomorphism 
93 : M — > N such that: An o ip = (ip ® </?)A_m and x^r o 93 = 93 o Note that, contrary to 
[ESj . we do not require that ip(l) = 1. 

In the theory of operator spaces, there are two most natural notions of an algebra: 

Definition 2.5. A completely contractive Banach algebra is a Banach algebra A which is an 
operator space such that the multiplication in A is completely contractive, i.e. it is extended 
to a continuous map m : A ® op A — > A. An operator algebra is a Banach algebra A which 
is an operator space such that the multiplication in A is extended to a continuous map 

h 

m : A® A -> A. 

The predual M* of a coinvolutive Hopf-von Neumann algebra M is a completely contractive 
Banach *-algebra, but in general not an operator algebra. For example, for the most popular 
algebra M = L 00(G) one has M* = L\(G), and this is known not to be an operator algebra. 

When we speak of *-Banach algebras, we always suppose that the involution is isometric. 
It is known that the coinvolution x is also always isometric. 

2.1. Common group algebras. There is a variety of algebras associated to a locally com- 
pact group G. We recall them here to have the freedom to use the notations below without 
extra explanations. 

The most popular commutative algebras are: Cq(G) — the algebra of continuous func- 
tions vanishing at infinity; Cb(G) — the algebra of continuous bounded functions; L 00(G) 

- the algebra of equivalence classes of essentially bounded measurable functions; A(G) - 
the Fourier algebra, equal to the space of coefficients of the regular representation; B(G) - 
the Fourier-Stieltjes algebra, equal to the linear span of all continuous positive-definite func- 
tions. All these are considered with pointwise multiplication, involution being the complex 
conjugation. 

There is also a large choice of convolution algebras (and their completions): M(G) — the 
algebra of finite regular measures; L\(G) — the subalgebra (in fact, an ideal) of absolutely 
continuous measures in M(G); C*(G) — the full group C*-algebra, equal to the C*-envelope 
of L\(G); C*(G) — the reduced group C*-algebra, generated by definition by the regular 
representation of L\(G); VN(G) — the group von Neumann algebra, equal to the weak 
closure of C*(G) in B(L2(G)); W*(G) — the Ernest algebra, equal to the von Neumann 
envelope of C*(G). 

In this list, L ao (G), VN(G) and W*(G) have structures of coinvolutive Hopf-von Neumann 
algebras. There is also an algebra which is rarely used but is important in the present study: 
Cq(G)** = W*(Cq(G)), the enveloping von Neumann algebra of Cq(G). Since it can be 
identified with the second dual of Cq(G), it is the dual space of M(G) = Cq(G)*. 

Instead of proving explicitly that M(G)* has a structure of a coinvolutive Hopf-von Neu- 
mann algebra, we can apply the known theory |ES[ §1.6] to M = VN(G): its predual is 
M* = A(G), which has the C*-envelope equal to Cq(G) — see a proof a few lines below - 
and then W*(M*) = Cq(G)** , as proved in |ESj . has a structure of a coinvolutive Hopf-von 
Neumann algebra (agreeing with the structure of Cq(G)). 

Proposition 2.6. C*(A(G)) = C (G). 
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Proof. It is known that A(G) is contained and dense in Cq{G). The irreducible representations 
of A{G) are just characters; it is known that every (nonzero) character of A(G) has form 
/ f{t), f G A(G), for some teG.lt follows that ||/||* = sup ieG \f(t)\ for every / G A{G). 
In particular, || • ||* is a norm (not just a seminorm), so that C*(A(G)) is the completion of 
A(G) with respect to || • ||*. Now it is clear that C*(A(G)) is just the closure of A(G) in 
Cq(G), and the statement follows. □ 

We prove also the following useful proposition: 

Proposition 2.7. Cj>(G) is a *-subalgebra in M{G)* , with the natural pairing f(fi) = f f d\i, 

feC b (G), fieM(G). 

Proof. This can be seen from the description of M(G)* as the bicommutant Cq(G)" of Cq(G) 
in the universal representation tt, and the explicit form of tt. It is known that tt = ©7^ 
is the direct sum of all GNS-representations, corresponding to positive linear functionals on 
Cq{G). Every such functional (p^ is just the integral over a positive Radon measure \i. It 
is easy to see that tt^ is the action on £2^) by pointwise multiplication, so that tt acts on 
H = ®^qL 2 {h). 

For / G Cb(G), let Tf be the operator on H acting as Tj(0x M ) = ©/x M . Then for any 
x,y G H , for which we can assume x^ = y^ = except for jj, in a finite set S, we have 
(TfX, y) = J2fj.es I f x yd^- Since f xydfi can be approximated by integrals over compact 
sets, there is g G Cq[G) approximating (TfX,y); this implies that / is in the weak closure of 
C (G), i.e. in Co(G)". 

The pairing with M(G) is given for / G Cq{G) and for (j, ^ by ip^(f) = (/, 1^) = J f d/i, 
where 1„ is identical 1 in £2^) an d in other coordinates. By weak continuity, this pairing 
is also valid for / G Cf,(G). 

Now the statement follows since / 1— >• TV is a *-homomorphism. □ 

3. Representations with generator 

M is a coinvolutive Hopf-von Neumann algebra, M* its predual, which is a Banach *- 
algebra. Suppose that M C B(H). For x,y £ H denote by fj, xy G M* the functional 
^xy{o) = {ux-iV), a G M. Since M* is a quotient space of N(H) (the space of trace class 
operators), for every \i G M* there is a representation \x = ^2 Hx n ,y n with x n ,y n G -ff, 
X] ll x n|| ||j/n|| < °°- Moreover, \\fj,\\ = inf ]P ||x ra || ||y n ||i where the infinum is taken over all 
such decompositions. 

For another Hilbert space K, there is a natural isomorphism of operator spaces [ER} 7.2.4] 
(M*<8) piV(Er))* ~ M®B{K), where <8> op is the operator space projective tensor product. In 
particular, every U G M®B(H) can be viewed as a bilinear functional on M* x N(H). 

From the other side, M<g>B(K) C B(H <g> K). We will use explicit coordinate form of 
these operators. For x,y G K, denote by u xy the functional ui xy (b) = (bx,y), b G B(K). For 
a G M, 6 G B(K) we have with any x,y £ H, x' , y' G -RT: 

(a®b)(n xy ,uj x/ y>) = n xy {a)uj x <y<{b) = (ax,y){bx',y') 

= (ax ® bx', y®y') = ((a <g> b)(x <g> x'), y ® y'). 

By continuity it follows that any U G M®B{K) C B(H K) acts as 

U{ii xy ,uj x , yl ) = (U(x®x , ),y®y'). (1) 

Definition 3.1. Let 7r be a ""-representation of M* on a Hilbert space iT. A partial isometry 
U G M<§)B{K ) is called a generator of 7r if 

tf0i,w)=w(7r(A0) (2) 

for every /i G M*, a; G iV(if). 
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The original definition of a generator of a representation, equivalent to one given above, is 
given in [ES|, § 1.5]. It is also proved there that if ir is non-degenerate then U is unitary. 

If 7r is a ""-representation of M* on a Hilbert space K with a basis (f a ), denote by ir a /3 £ M 
the linear functional on M* defined by ir a p(fi) = (Tr(fi)fp, f a ), fi E M*; in other words, 
ir a p(n) = u)fpj a {iT{n)). 

Definition 3.2. Call a *-representation ir of M* on a Hilbert space -ftT standard if in some 
basis of K, 

for every a, /?, the series being absolutely convergent in the M^-weak topology of M. 

Note that a standard representation is automatically non-degenerate. From the proposition 
13.51 below it will follow that this definition does not depend, in fact, on the choice of a basis. 

Lemma 3.3. Let M act on a Hilbert space H with a basis e a . Then for every x,y E H and 
every a,b £ M , 

a 

where the series converges absolutely. 
Proof. This is an immediate calculation: 

(ab)(fi xy ) = (abx,y) = (bx,a*y) = y^(bx,e a ){e a ,a*y) 

a 

= ^2(bx,e a ){ae a ,y) = ^ ^e aV {a)^xe a (b). 

a a 

□ 

Lemma 3.4. Let M C B{H), and let ir : M* — > B(K) be a representation of M*. Let 
U E M®B(K) be such that U(p,oj) = w(ir(fi)) for every /i E M*, uj E N(K). Let (e a ), (ft) 
be bases in H and K respectively. Then for any x,y E H 

(U(x® f a ),U{y® fp)) = ^2(Tr*/ 3 nr l a)(lJ<x,y), 

V 

(U*(x ® f a ), U*(y ® /^)) = ^(vr^^)^^). 

v 

Proof. With the use of (pQ), [/ satisfies for every x,y E H and every a,/3: 

{U(x ® / a ), (y ® fp)) = U(fj, Xi y,oo fa j ) = Uf a ,f p (ir(jix,y)) = npa(Hx,y), (4) 
(U*(x ® / a ), (y ® //?)) = (U(y,fp), (x,fa)) = ir a p{p y ,x)- 
Decomposing the scalar product, we get the following absolutely converging series: 
(U(x® f a ),U(y® fp)) = ^2{U{x®f a ),e£ ® f v )(ez ® f v ,U(y ® fp)) 

= y~] Kria {^x,e £ )^ V P (/%e £ ) ■ (5) 

After a simple transform: 

n v p(ny je( ) = (ir v py,ei) = (rfpe^y) = tt*^/^), 
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we get: 

(U(x® f a ),U{y® fp)) = ^2n va (ii Xtei )iT*p(fi e(t y). 

With the lemma [3731 this gives 

(U(x® f a ),U(y® fp)) = ^2(ir*p7r va )(fi x , y ). 

v 

For U* , we have similarly: 

(U*(x® f a ),U*(y® fp)) =^27T av (He x)^p v (^e y) = ^2 <„ (px,e e ^tjO*^ ,y) 

V 

□ 

Theorem 3.5. A non- degenerate representation of M* has a generator if and only if it is 
standard. 

Proof. Let M C B(H), and let ir : M* — > B(K) be a *-representation. Choose bases (e a ), 
(fp) in the spaces H, K respectively. 

Suppose that a unitary generator U exists. Then U is unitary, and we have for every 
x,y £ H and every a, /3, by lemma [3741 

(x,y)S a p = (x® f a ,y® fp) = (U(x® f a ),U(y® fp)) = ^{^p^m)(^x,y)- 

Since (x,y) = fj, x>y (l), we get the first equality in ([3]) for fi = fi x ,y The series decomposition 
fi = ^x n ,y n implies that it is valid also for every fi E M*. 
The adjoint operator U* is unitary as well, and we get: 

(x,y)6 a p = (U*(x ® f a ),U*{y <g> fp)) =5^7r / 9 J? 7r* J? (^ a . )J ,) 

V 

what implies the second equality in ([3]), so that n is standard. 

Conversely, let ir be standard. Then we can take fl3J) as a definition of U{x ® f a ), and 
reversing the calculations above, we see that 

(U(x ® f a ), (y <g> fp)) = (x,y)5 a p. 

Extending U by linearity to finite linear combinations x = Y x a <S> fp, we have: 

\\Ux\\ 2 = (Ux,Ux) = (U(x a ® fp),U(x 7 ® f c )) = {x a ® fp,x 7 ® f c ) = \\x\\ 2 . 

Thus, U is isometric and then extends to an isometry on H <g> K. Further, U has an adjoint 
operator U* satisfying Q; again, ir being standard implies that U* is isometric, so U is onto 
and as a consequence unitary. 

Now we must show that U satisfies ([2]). By definition, we have (|2|) for fi = \i xy and 
to = uif a j fj . Since both parts in 

(U(x (8) x'), (y ® y')) = OV^'OG^)) 

depend linearly and jointly continuously on x' , y' G K, we have this equality for all x' , y' , i.e. 
d2]) holds for fi = fj, xy and to = to x / y /. Finally, the decomposition fJ, = Y ^x n ,y n , w = Y u x' ,y' 
into absolutely converging series implies (|2|) for all fi € M*, to € N(H). 

Now it remains to show that U € M®B[H), not just U € B(H ® i^). This follows from 
the bicommutant theorem; we need to show that U commutes with (M®B(H))' = M'd)C 
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[Kadi 11.2.16]. Let (p G M'. Then for every x,y G H and every a G M we have fj,<p X) y(a) = 
(a<px,y) = {(pax,y) = {ax,ip*y) = fi Xjip * y , so that /i^^ = fi X)V> » y . Then 

(E%>®id)(a:(8):c / ),3/ ® y') = {U(tpx <g> x'),y ® y') = 0Jx', v '{^{li V x,y)) = ^x', y '{^{^x^* y )) 

= {U(x® x'), ip*y ® y') = ((ip <g> id)LT(x <8» ar'), 2/ <S> 
so that U commutes with <p> ® id, and the theorem is proved. □ 

A finite-dimensional version of this theorem was known long ago jESI Proposition 1.5.7]. 

Now we see that the property of being standard does not depend on the particular choice 
of a basis, and by [ESj 1.5.4] a representation quasiequivalent to a standard one is standard 
too (in particular, every representation is quasi-equivalent to its non-degenerate subrepresen- 
tation). 

Proposition 3.6. Let ir be a * -representation of on a Hilbert space K . Then ir is 
completely bounded if and only if there exists U G M®B(K) = (M*® op N (K))* such that 
U(h,uj) = uj(tt(h)) for every fi € M*, uj € N(K). In this case \\U\\ = ||7r|| c &. 

Proof. There is a natural isometric isomorphism A [ER1 7.1.5] of the spaces CB(M*,B(K)) 
and M®B(K), given by (\(U)(ji)){u) = U(n,co) for U G M®B(K) and \x G M*, u £ N(K). 
If 7T G CB{M*,B(K)), there is U G M(g>B(K) such that vr = X(U), and vice versa. By 
definition of A, this means exactly that U(fi, uj) = w(7r (//)), and in this case ||vr|| c b = \\U\\. □ 

Corollary 3.7. Every standard representation ir of M* is completely contractive. 

Proof. By Theorem 13. 5| ir has a unitary generator; by Proposition 13.61 ||7r|| c b = ||f7|| = l. □ 

Definition 3.8. A coinvolutive Hopf-von Neumann algebra M is called standard if every 
representation of its predual M* has a generator. We will also say in this case that M* 
is standard. By theorem 13.51 it is equivalent to saying that every representation of M* is 
standard. 

From [ES, 3.1.4] follows the 

Corollary 3.9. Every Kac algebra is standard. 



In this section we prove (Theorem 14. 4|) that if an irreducible representation of M(G) is 
standard, then it is continuous on G, and vice versa. This justifies the term "standard" - 
in the case of the measure algebra, this is exactly the class of representations commonly used 
in harmonic analysis. 

The central theorem 14.41 in the abelian case reduces to a known theorem of M. Walter 
[Wal]: a character (thus, an irreducible representation) of B{G) is standard, in the definition 
above, if and only if it is an evaluation at a point of G. Recall that if G is abelian, then 
B(G) ~ M(G). In general, Theorem 14.41 is a dual analogue of the Walter's theorem. 

In principle, the results of this section are known |Kir| . But we find it highly instructive 
to present here new proofs, based on the representation theory. This gives a clear intuitive 
understanding of the whole picture. 

Proposition 4.1. Let it be an irreducible continuous * -representation of M(G). Then either 
7T \l 1 (G) — 0; or 7T is generated by a continuous representation tt of G by the classical integral 



4. Representations of the measure algebra 



formula: 




(6) 



for every fi G M(G). 
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Proof. L\(G) is an ideal in M{G), so the closed subspace H\ generated by n(f)H, f £ L\{G), 
is invariant under tt. Thus either Hi = {0} or Hi = H. In the first case tt|l 1 (g) = 0. In the 
second case we have a non-degenerate representation of Li(G), and one shows, as usual, that 
there is a continuous representation tt of G such that © holds for all /j, € Li(G). 

It is known that a representation of a *-algebra is uniquely extended from a *-ideal on 
which it is non- degenerate [PI3J 11.1.12], so © holds for all \i € M(G) as well. □ 

Theorem 4.2. Zei it be a continuous unitary representation of G on a Hilbert space H, and 
let 7r be the corresponding representation of M(G). Then tt is standard. 

Proof. Let (e a ) a ^^ be a basis of H and let vr Qj g(/i) = (7r(/i)e^, e a ). For every t £ G, using the 
Kronecker symbol <5 a) g, 

<W = (e a ,e^) = (7r(t)e Q ,7r(t)e /3 ) = ^(vr(t)e Q , e 7 )(e 7 , vr(t)e /3 ) (7) 

7 

= ^vr 7a (i)vr 7 ^(t) = ^(vr 7/3 7r 7a )(5 t ). 

7 7 

Denote 

/a/K*) = X>7"(*K/J(*)I- (8) 

7 

This series converges, since 

/<*/?(*) = X] IM*)^)^)! I {e-,,, vr(i)e /3 > | 

T 

= ||vr(t)e a || 1 1 1 1 = 1. 

If a = /3, then f aa = 1. Let us show that f a p is a continuous function, whatever are a and 
(3. For s,teG, 



< (Ei^) e - e 7)i 2 ) 1/2 (Ei^'^Mi 2 )" 



7 

= E (Kt"^)^^)! ~~ l 7r -7c t (*) 7r 0'/3(s)l + \^a(t)TT-y/3(s)\ - \ TT^ a (s)7T 7/3 (s) | 

7 



7 



1 /2 

< ( E I^WI 2 E Ktf (*)-%^( s )| 2 ) +(E^( S )| 2 El 7r 7«( i )-V( S ) 

C 7 C 7 

1 /2 

C 7 

Ca,C 7 ) (^r('S)Ca , 6 7 ) | J 

C 7 

= ||vr(t)e a ||||7r(i)e^ - ^(5)6^3 1| + 1 1 -7r (s) 1 1 • ||7r(i)e a - 7r(s)e a || 
= \\n(t)ep - ^(s^H + ||7r(t)e Q - 7r(s)e a ||. 

As s — > t, this tends to zero since tt is continuous in the strong-operator topology (as every 
continuous unitary representation). Thus, the series (J8|) of positive continuous functions 
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converges to a continuous function; by the Dini's theorem, it converges uniformly on every 
compact subset of G. 

To prove that it is standard, we need to show that for every bounded measure p, 

5 aP \ ld(i = y2 ^ a (t)iTjp(t)dfjt (9) 
Jg 

(since for continuous functions, the usual multiplication and conjugation coincide with those 
in M(G)*). This equality is sufficient to prove in the case of a positive measure p. 

Let \p\ be the variation of p. We can assume that f G ldp = 1. For every e > 0, there is a 
compact set F C G such that \p\(G \F) < e (HR] 14.1]. 

Denote (py(t) = 7r 7Q (i)7r 7( g(i). For every finite set A C A, let Ua = {t : J2y<=A I V^-y (*) I > 
fap{t) —£}■ Then {Ua} is an open cover of F, so we can choose a finite subcover Ua 1 , • • • , Ua„ ■ 
Set A = L)Aj. Then X^eB 1^7 CO I > fap(t) ~ e f° r every t £ F and every finite set BD A. 

Suppose that a = f3. Then f a p = 1, and 

i = ! ld^ ^ Yl i moi^ > [ (i - ^ > (i - ^) 2 > 

what implies Q (for a = /3). 

Let now a ^ (3. Set e' = e/l/^Ki 71 ) and consider another open covering of F: for every finite 
set B, A C B C .A, let Vb = j> : | E 7eB <M0l < If # C C and f € Vb, then 

|J> 7 (t)|<|J> 7 (t)| + E IVt(*)I < 2£/ - 

7GC - ( eB -yeC\B 

Choose a finite subcover Vb 1 , • • • , Ve m of F, and set £> = UBj. Then for any C D B and any 
i £ F, we have | ^ 7 gC ^tCOI < ^e'. Having in mind that £V |</? 7 (f)| ^ 1, we get: 

< 2e>|(F) + H(G\F) < 3e, 

what implies Q. □ 

Proposition 4.3. T/ie annihilator of L\(G) is a two-sided ideal in M(G)*. 

Proof. Denote M = M(G)* = Cq(G)** . This space can be viewed as the enveloping von Neu- 
mann algebra of Cq(G). By the corresponding universality property, every representation p 
of Cq(G) is extended to a cr-continuous representation p of M, so that p(M) is the von Neu- 
mann algebra generated by p(Co(G)). Let p be action on L,2(G) by pointwise multiplication. 
Then p(M) = L OQ (G). 

From the other side, consider L\(G) as a closed subspace of M(G), and let Z = L\{G) be 
the annihilator of L\(G) in M. Then L\{G)* = M/Z. This space is also isomorphic to L OQ (G), 
so we get the quotient map p : M — >• L°°(G). Then p, p are both cr-continuous and identical 
on Crj(G); since Co(G) is cr-dense in M, it follows that p = p. Thus, ker p = kerp = L\(G) ± , 
so this is a two-sided ideal in M. □ 

Theorem 4.4. An irreducible representation ir of M(G) is standard if and only if it is 
generated by a continuous representation n of G by the integral formula (|6|) . 

Proof. With Theorem 14.21 we need to prove one implication only. Let the restriction of ir 
onto G be discontinuous. Then, by Proposition 14. 1\ k\l, x (g) = 0- By Proposition 14.31 then 
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(vr* Q 7r 7/ g)| Ll(G) = for every a,/3,r, thus 

E( 7r >7/3)(/) = 

7 

for any / G L\(G). This can be different from /(l) = j f, so ir is not standard. □ 

Proposition 4.5. Every representation of M(G) is completely bounded. 

Proof. We always consider M(G) with the operator space structure as the dual of Co(G), 
or, what gives the same result, as the predual of Cq(G)** = VN(Co(G)). Since Cq{G) is a 
commutative C*-algebra, its natural operator structure is the minimal one. Then on M{G) we 
have the maximal operator space structure. And in this case, every bounded linear operator 
on M{G) is completely bounded. □ 

5. Ideals and standard envelopes 

In this section we define the standard C*-envelope C* t (M*) of M* and prove, among other 
properties, that C* t (M{G)) = C*(G) and C* t (B(G)) = C (G). 

Representations of M* which are not standard we will call non-standard. 

Definition 5.1. Let M° C M* be the common kernel of all irreducible non-standard rep- 
resentations. If there are none, let M® = M*. This is a two-sided *-ideal in M*, which is 
called the absolutely continuous ideal of M*. With the structure inherited from M*, M® is 
a Banach *-algebra and an operator space. The usual C*-envelope C*(M°) of M 4 ° is called 
the standard C* -envelope of M* and is denoted by (^(M*). Similarly, the von Neumann 
envelope of M° will be called the standard von Neumann envelope of M* and is denoted by 
W* t {M*) or by M. 

Every non-degenerate representation of M® extends uniquely to M# [Pall 11.1.12]. It is 
easy to show that M* is mapped into the strong closure of the image of M°, i.e. to the von 
Neumann algebra generated by M®. It follows that there is a canonical map $ : M* — > M, 
extending the canonical map of M° into its envelope. Note that nothing forces $ to be 
injective, and usually it is not. 

There is an adjoint map : M* -4 M. Let $ : Af* — > M be the restriction of onto 
M* = (M)*. Sometimes we will write the corresponding algebra M as an index, so that 
<$>M : M* ->M and $ M : M* -> M. 

In the case when = A/(G), the algebra has been studied by J. Taylor under the 
notation L l / 2 (G) ^Tay\. He has proved that L l l 2 (G) / L X {G) if G is non-discrete. 

Example 5.2. It may happen that = C* t (M*) = {0}. This means that non-standard 
representations separate points of M* , and this is the reason why we allow trivial coinvolutive 
Hopf-von Neumann algebras. 

On M = L°°(IR) with the usual structure, introduce new involution o and coinvolution x 
as follows: (p°(t) = cp(—t), ?c((p) = ip. Then M is again a coinvolutive Hopf-von Neumann 
algebra. On its predual, which is Li(R), we have the usual convolution product. The involu- 
tion * is in fact the usual one: for / S Li(M), <p G L 00 (1R) we have 



ipf* = / (>cp)*f = / v(-t)f(t)dt = / <p(t)f(-t)dt 



so f*(t) = f(-t). 

Every s£R defines by the usual formula a character Xs of Li(K). A character is a standard 
representation if and only if it is unitary as an element of M. In our example, Xs = Xs for 
every s £ R, so that XsXs = X2s- This is equal to 1 = xo ° m y if s = 0, so every nontrivial 
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character is non-standard. Recall that Xs(f) = F(f)(s), where F(f) is the Fourier transform 
of /. But F(f) is a continuous function for every / G Lx(M), so if it vanishes for all s ^ 
then / = 0. Thus, non-standard characters separate points of M* = L\(G). It follows that 
M° = {0}, and consequently C* t (M) = {0}. 

Proposition 5.3. Let A be a Banach *-algebra, and let I C A be a two-sided *-ideal. Let 
<p : A —¥ C*{A) be the canonical map. Then C*(L) is isomorphic to the closure of <p(I) in 
C*(A). 

Proof. Let ja, 1i be the maximal C*-seminorms on A and on I respectively. Clearly 7a|j ^ 
7/. From the other side, let it : I — > B(H) be a representation of / such that ||7r|| =7/. Then 
[Pall 11.1.12] 7r is extended to a representation jr : A — > B(H), so that ||7r|| ||7f|| ^ 7^. It 
follows that 77 = ja\i- 

Now let (p : A — > C*(A), if) : I —¥ C*{I) be the canonical maps. Then ip\j is extended to a 
morphism <p : C*(I) — > C*{A). This extension is continuous and isometric on ip(I), so it is 
isometric on C*(L) and thus C*(I) is isomorphic to (p{C*{L)). 

Let [ip{I)\ be the closure of cp(F) in C*(A). Clearly <p(C*(F)) C [(f(I)]. From the other 
side, (p{C*{I)) is closed (since it is isomorphic to a complete space) and contains so 
[¥>(!)] C <p{C*{T)). Thus, [ip(I)] = <p{C*(I)) and C*(J) is isomorphic to [tp(I)]. □ 

Proposition 5.4. Let A be a Banach *-algebra, and let I C A be a two-sided *-ideal. Let 
tp : A — )• VF*(^4) be the canonical map. Then W*{I) is isomorphic to the weak closure of <p(I) 
inW*(A). 

Proof. Denote by [</?(/)] this weak closure; it is a von Neumann algebra. Let n be a represen- 
tation of /. It has a unique extension n to A such that tt(A) is contained in the von Neumann 
algebra generated by vr(I). Next, ff has a unique normal extension to W*(A). Its restriction 
to [v?(-0] is a normal extension of ir. 

To show that this extension is unique, suppose that p, a are two distinct normal represen- 
tations of [<£>(-0] both extending ir. We can assume that tt is non-degenerate, then so are p 
and a. By [Palj 11.1.12], there are unique extensions p, a to VF*(^4) (since [<p(I)] is an ideal 
in W*(A)). They are obviously given by p(x) = p(px) and a(x) = cr(px), where p S W*( J 4) 
is a central projection such that pW*{A) = [</?(/)]. Thus, these extensions are normal. Since 
ip(A) is weakly dense in W*(A), p and a have different restrictions to tp(A). But it would 
mean that n has two different extensions to A, what is impossible. 

Thus, [¥?(!)] has the universal property of the von Neumann envelope of I, so it is isomor- 
phic to W*(I). □ 

Reminder: by a representation we always mean a *-representation. If A is a C*-algebra, 
A denotes the space of its irreducible representations. 

Proposition 5.5. Let A be a Banach *-algebra. For a set X C A, let h(X) be the set 
of irreducible representations of A which vanish on X. Let B, B' be ideals in A such that 
h(B) = h(B'). ThenC*(B) ~C*(B'). 

Proof. Let (p : A — > C*(A) be the canonical map, and for X C A let [X] denote the closure 
of ip(X) in C*(A). As we have proved above, C*(B) ~ [B] and C*{B') ~ [B'\. It is easy to 
see that [B] , [B 1 ] are ideals in C* (A) . 

For Y C C*(A), let k(Y) = n{ker7r : tt € Y}. In C*(A), as in every C*-algebra, I = 
k(h(I)) for every closed ideal / [D.5J 2.9.7]. From assumptions it follows that h{[B]) = h([B']). 
Thus, C*(B) ~ [B] = k(h{[B})) = k(h([B'])) = [B'\ = C*{B'). □ 

Recall that the Fourier-Stieltjes algebra B(G) is the dual of C*{G) and the predual of the 
Ernest algebra W*(G). 
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Proposition 5.6. C* t (M(G)) = C* t (L x (G)) = C*(G) andC* t (B(G)) = C* st {A(G)) = C (G). 

Proof. For M* = M(G), let / = M(G)° be the absolutely continuous ideal. By the results 
of Section H h(I) = h(Lx(G)). Then, by Proposition E3 C*(J) = C*(L X {G)) = C*(G). If 
M* = Lx(G), then M° = M* and C* t (Li(G)) = C*(Li(C)) = C*(G). 

In the second case, the algebra M* = B(G) is commutative, so its irreducible representa- 
tions are characters. A character is standard if and only if it is unitary in M = W*(G). It was 
proved by M. Walter [Wal] that a character of B(G) is unitary if and only if it is evaluation 
at a point t & G, and if and only if it vanishes on A(G). Thus, h(B(G)°) = h(A(G)) and 
we can again apply Proposition 15.51 to conclude that C* t (B(G)) = C*(A(G)). It is an easy 
exercise to deduce that C*(A(G)) = C (G). 

□ 

This proposition already establishes a duality in the group case: 

C (GO i ► M(C) (10) 

C* t -env C* s * t -env 

B{G) < 1 C* (G) 

In the next section, we develop this to a general framework of Hopf-von Neumann algebras. 

6. The dual Hopf-von Neumann algebra 

In this section we show that on M = W*(M°), i.e. on the enveloping von Neumann algebra 
of M°, there is a canonical structure of a coinvolutive Hopf-von Neumann algebra. 

Proposition 6.1. The canonical map i : M® — > M is extended to a completely contractive 
*-homomorphism <3? : M* — > M . 

Proof. Let ir be the direct sum of all irreducible representations of M* which are nonzero 
on M®. They are in bijection with the irreducible representations of M®. Let us consider it 
as a map to the C*-algebra A generated by 7r(M*). By the theory above and [ES], it has a 
generator, so it is completely contractive. 

Now C*(Mo) is isometrically isomorphic to the closure of 7r(M^) in A (denote this closure 
by /) and to the norm closure of $(M^) in M. Let p : I — > M be the latter isomorphism. 
Clearly I is an ideal in A, so p is extended to a representation p of A having range in M. 
As every homomorphism of C*-algebras, p is completely contractive. Now = p o it, so $ is 
also completely contractive. □ 

When considered as a representation of M* , $ gives rise to the Kronecker product $ x $ : 
M* — > M®M [ESI 1.4.3]. Considered as a representation of M°, (<£ x <&)\ M o can be extended 
to a representation A of M = W*(M%) so that A(M) C ($ x $)(M°)" C M®M. Universality 
of M allows to prove, exactly as in |ESi 1.6.4 and 1.6.5], that (id ® A) A = (A <8> id) A; in the 
proof one needs to replace only M* by M,° . 

In [ESI 1-5.5], it is proved that if it is a representation with generator, then it x it also 
has a generator. Looking carefully at the proof, one can notice that it is sufficient that tt 
is completely bounded. In this case it is also given by an operator U G M(g>B(H), but we 
do not know if U is unitary. However, to show that tt x tt is completely bounded, it is not 
necessary to use the unitarity of U. Thus, we can conclude that $ x $ is completely bounded. 

To conclude that A is a comultiplication on M, one needs also that A(l) = 1. For this in 
turn, it suffices to show that the restriction of $ x $ onto M° is nondegenerate. This follows 
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from the proposition below (note that we do not know in general whether the dual of M® is 
a von Neumann algebra): 

Proposition 6.2. Every completely bounded representation of M* which is nondegenerate 
on M® has a generator. 

Proof. By Proposition 13.61 there exists U G M®B(H) such that U(fi,uj) = a;(7r(//)), and all 
we need is to prove that U is unitary. It is known that every representation is a direct sum of 
cyclic ones, and that the direct sum of representations with generator has also a generator. 
Thus, we can assume that ir is cyclic. 

Denote A = C*(M"), and let the continuous extension of n to A be also denoted by it. By 
[Tel] . 7r can be decomposed as a direct integral of irreducible representations of A. Namely, 
there exist: a set P; a cr-algebra 21 of subsets of P; a complete positive finite measure f3 
on (P, 21) with /3(P) = 1; an integrable field {(H p ) pl =p,T} of Hilbert spaces (in the sense of 
W. Wils [Wilj ) : a field of representations ir p : A — > B(H P ), p G P, where every ir p is either 
irreducible or zero; an isometric isomorphism V : H — > F = J p H p df3(p), such that: if x G H 
and V{x) = f P S, P d/3(p), then for every a £ A we have V(-rr(a)x) = f p -K p (a)^ p d(3(p), and 

||7r(a)xj| 2 = J \\-n p {a)i p \\ 2 p dp(p). 

For every p, let n p be zero if ir p = and let it be the unique extention (from M®) to an 
irreducible representation tt p of M#, if tt p ^ 0. By definition, if fr p ^ then tt p is standard, 
so it has a generator U p G M®B(H P ). For other p, set U p = 0. 

Let M be realized on a Hilbert space K . Then (K ® H p ) p( z p is also field of Hilbert spaces, 
isomorphic to K ® H under the isomorphism V = id ® V. Clearly V(K ® H) is the closure 
of the linear span of K ® V(H). 

Our aim is to show that U is a decomposable operator and £/£ = J p U P (V£) for every 
£ •: A' //. 

Fix x G if, £ G H and bases (e a ) C K, (fp) C iT. Then 

(U(x®£),e a ® fp) = {ir(ji X e a )€,fp), 

so that 

= e ° ( J^^o) ^ ^) -fa) = ^2 e *® ^iP-xeJt, (11) 
a p a 

(convergence is everywhere in the Hilbert space norm). In particular, vr(/i xea )£ = for all 
but countably many a. Similarly, for every p such that tt p ^ 0, 

U p (x ® £ p ) = ^ e Q ® ItpfjlxeJ Cp- 
a 

To relate {/ to f7 p , we have to show first that every 7r(/i), /i G M*, is decomposable (and 
equal to f 7r p (/x)). We do not obtain this automatically, as opposed to the separable case. It is 
true that tt(M*) C 7r(M°)"; but it is in general unknown whether every operator T G tt(M®)" 
is decomposable. 

First, if £ = vr(z^)C where v G M® then /xf G Mj, so: 

v(t(aO£) = ^OK/^K) = j n P (.v>v)( P = J ^pip)^piy)C,p = J p ftp(n)£ p . 
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This implies that 7r(/i) = V" 1 J 7r p (fi)V on a dense subset of H (recall that ir is non-degenerate 
on M®). Since both parts are bounded operators on H, we have this equality everywhere. In 
particular, J 7r p (/i) is a measurable field of operators, in the sense that it maps T to T. 
Now, by definition (and continuity) of V, 

V{U(x®0) = ^e a ®V{-K{n xea )i) = ^e a ® / (vr p (^ e je p ) 
By continuity it follows that the operator field U p is measurable and U is decomposed as 

fu P . 

In general, the adjoint of a decomposable operator may not be decomposable, but for U* 
this fact is checked in the same way. 

Now let Po be the set of p G P such that ir v = 0, and let T be the projection of V onto the 
closure of T = {£ G T : £ p = 0, Vp G P }- Then V"(J7*E/u) = J p (U*U p Vu) = (id ® T)(Vu). 

Note that I/-7r( / u)y _1 r C TT for every ^ G M®, and from the other side, 7r is non-degenerate 
on M®. It follows that Tr = T, so £/*£/ = id and similarly UU* = id, that is, U is unitary. □ 

Corollary 6.3. Let M be a coinvolutive Hopf-von Neumann algebra. Every representation 
of M* is standard if and only if every irreducible representation of M* is standard. 

The coinvolution on M is given by the composition with x (cf. |ES1 § 1.6]): 

Proposition 6.4. Let x : M* — > M* be defined by x(ju) = fj, o x /or ^ G M*. T/ien x is 
a *-antihomomorphism, maps M® to itself, and is uniquely extended from M® to a normal 
*-antihomomorphism x of M, which is a coinvolution on M. 

Proof. Check first that x preserves involution. For every [i G M*, x G M 

x(//*)(x) = /x*(xx) = fi(x*) = /x(x(xx*)) = x^(xx*) = (xju)*(x). 

If 9 is the flip map on M®M, then for every fi, v G M*, x G M 

x(/iz^)(x) = = (^ ® z^)(A(xx)) = (fx ® u)(0(x ® x)Ax) 

= ((i/ o x) ® (// o x)) (Ax) = (x(i/)x(/i)) (x). 

This proves that x is a *-antimohomorphism. Clearly x 2 = id. 

To prove that M® is invariant under x, take a non-standard irreducible representation ir 
of M*. For every q,/3 let r a/ 3 = xnp a . Then these are coefficients of a representation of M*, 
since [ESI 1.4.2]: 

A(T Q( g) = A(x7T ( g t j) = 0(x (8) x)A(7Tg a ) = 0(x ® x) ^ ^ 7Tg 7 ® TTjo^j 

7 

= x(7T 7a ) ® x(7T ( g 7 ) = T a7 ® T y/3 . 

7 7 

If -/r acts on a Hilbert space H and J : H — >• H is the isomorphism onto the conjugate space 
-ff, then we can view r as acting on H with t(//) = J7r(x/z*) J -1 . Since x(M*) = M*, this 
implies that r is irreducible. 

If r were standard, then by ([3]) we would have, since x is ultraweakly continuous: 



Y K^lP = Y X ( T «7)* X ( T /37) = Y X (w£y) = K \Y T M T ll) = "(Sap) = 5, 



J aOi 



7 7 7 7 



A DUALITY OF LOCALLY COMPACT GROUPS WHICH DOES NOT INVOLVE THE HAAR MEASURE 15 

and similarly ^ 7r «7 7r | 7 = &afi- Thus, ir would be also a standard representation, what is not 
true by assumption. This implies that r is non-standard. 

Now r a/ 3(/x) = for all /i € M°, so ^^(x/u) = and 7r(x(M°)) = 0. Since tt was arbitrary, 
this implies that M® is invariant under x. 

By universality, x is extended to a *-antihomomorphism x of M. Similraly to [ES, § 1.6.6], 
one proves that #(x <8> x)A = Ax. □ 

Definition 6.5. The algebra M with the comultiplication and coinvolution introduced above 
is called the dual coinvolutive Hopf-von Neumann algebra of M. 

Proposition 6.6. Let cp : M —> N be a morphism of coinvolutive Hopf-von Neumann 
algebras. There is a dual morphism (p : N — > M such that (p o <3?jv = V* 071 ^* ■ 

Proof. By definition, c/? is ultraweakly continuous, so it has a pre-adjoint tp* : iV* — > M*. Since 
y is a coalgebra morphism, y?* is a *-homomorphism. Consider ip = &m o (p* : — > M. 
This is a *-homomorphism, so it is extended to a normal *-homomorphism (p : N — > M, such 
that <p$N = ip- 

It remains to prove that ip is a coalgebra morphism: A-^<J? = (ip ® ip)A^. Since Ajy is 
ultraweakly continuous, this equality is enough to check on $jv(7V*). Moreover, an equality 
in M®M D A(M) is enough to check by the values on x ® y, with x,y € M*. 

A s? ^($ JV (i/))(x ® y) = ^($iv(^))(a;y) = *w(y>»(i/))(xi/) = (/?*(i/)($ A f(x)$ M (y)) 

= *( V (*m(x)M*m(i/)))- (12) 
By definition, A^<I>7v = &n x $JVj s ° from the other side: 

(ip (8) £)A^($/v(z/))(x (8> y) = (*jv x $jv)(^)(^ (8) = i/((*jv)*(^*x) • (*jv)*(£*y)) 

Note that ($m)* : Af* — )• M is in fact &m, so we arrive at an equality with fll2|) . 

Also, x^qt^ = i^x^ should hold. Again, it is sufficient to consider £ = <j?7v(^)> ^ £ -W*- 
Then, with the definition of x from Proposition [ 



For every x € M* we have further 

®m(*m{ip*{v)))(x) = xm{v*{v))($m(x)) = v{<p(x m $m{x))) = v(k n (<p($ m {x)))) 

= X N (v){($ N )*((j)*{x))) = (p>C N ($ N (v))(x), 

as required. □ 
If we have two morphisms ip : M ^ N and ip : N — > L, then on we have: 
^ o ip o $ L = $ M o (ip o yj)* = $ M o^o^, 

^o^o$ i = ^o$ A ,o^ = $ M o o 

SO l/> o <y9 = o '0. 

Corollary 6.7. T/ie map M i— > M is a contravariant functor on the category of coinvolutive 
Hopf-von Neumann algebras. 

Collecting all together, we get the following 
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Theorem 6.8. Let T~L be the full subcategory of the category T~Lq coinvolutive Hopf-von Neu- 
mann algebras, which has as its objects all M G 1~Lq such that M ~ M. Then^ : % — > % is 

a contravariant duality functor, i.e. M ~ M for every M G Ti. Moreover, there is a faithful 
contravariant functor A : CCQ — > H, where CCQ is the category of locally compact groups, 
such that A(G) = A(G) for every abelian group G G CCQ. 

Proof. The subcategory H is full by Proposition 16.61 and ^ is by definition a duality functor. 

For every G G CCQ, set A(G) = Cq(G)** . It is known that this is a faithful contravariant 
functor from CCQ to Ho (or it follows from |ES1 5.1.4] and Corollary I6.T[) . And it is proved 
in Section [5] that C (G)** is reflexive, i.e. A{G) €H. □ 

7. Relation to the second dual 

It is clear that not every coinvolutive Hopf-von Neumann algebra is reflexive. For instance, 
this is shown by the example 15.21 of a nontrivial algebra with M = 0. In the Section ?? we 

give more examples. In the present section we establish some relations between M and M in 
the general case. 

Proposition 7.1. For every M , there is a morphism Dm '■ M — > M such that Dm°^m{x) = 
$m(x) for all x G M*. 

Proof. Denote N = M. We know that there is a canonical map $m '■ — > M. In partic- 
ular, $m\n° i s a *-homomorphism, so it is extended to a normal homomorphism of its von 
Neumann envelope: Dm ■ N — > M. By definition, Dm satisfies the equality in the statement 
for x G M°. Since an extension from an ideal with the condition Dm{M*) C Dm(M®)" is 
unique, this equality holds on M* also. 

To prove that Dm is a morphism of coinvolutive Hopf-von Neumann algebras, we should 
check the equality 

A M D m (x)(h<B>v) = {D M <g> D M )Aft(x)(fj,® u) 

for every x G M and fi,u G M*. By density, it is sufficient to consider x = §T?(y) with 
y G Mif. Then we have: 

A M D M &fi(v)(p ®v) = A M *w(l/)(A* ® f) = ®m(v)(hv) = M) 

= (D M ® D M )Afi(x){n ® i/) 
Also, xmDm = Dm^n should hold. Using the definition of the dual coinvolution in 
Proposition 16.41 (and its notations, so that xm(m) = A* ° x m) ; we have for every x G M*, 
/i G M*: 

x M DM$jfi(x)(ti) = k m ^m{x){h) = $m(z)(^m(m)) = z($m(£m(m))) = 
= *(*jj?(*Af(/i)) = ^m^X^mO")) = *w(i^(a?))(M) = 

This shows that xm-Dm = Dm^n on the range of and by density on the whole of M. □ 
One should note that Dm need not be neither injective nor surjective. As a first example, 
take the algebra M from the example 15.21 Then M = 0, so Dm = 0. For a second example, 
take M = L OD (G). Then M = Cq(G)** , and Dm is a quotient map but not injective. 
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However, if M is a dual of some other algebra, then Dm is right invertible: 

Proposition 7.2. If N = M for some M , then there is a morphism En : N N , such that 
Dn o En = id at. 

Proof. By the previous proposition, there is a morphism Dm '■ M — >• M such that Dm ° 
$jfi(x) = $ M (x) for all x G M°. Set E N = D M :M = N ->■ (Mf= N. 

We have D M ° $n = $M, so %* M = $* N o D* M . Since n(<f>M%) = $m(h)(x) for all 
x G M*, /j G M#, we have <&* M = <&m on M* and <&* M = <&m on M*. This implies that 
$ M = % N o (D M )*- 

By Proposition 16.61 we have En ° $m = & N ° (Dm)* on M*. Then: 

D N o (E N o $ a/ ) = (Djv ° ^at) ° (Dm)* = ®n° (D m )* = 

Thus, Z)jv ° -E'iv = idA? on the image of $m- Since this latter is ultraweakly dense in N, the 
proposition follows. □ 

Proposition 7.3. Suppose that the canonical map F : M* — > W*(M*) is injective. Let 
A C M* be an ideal such that: 

(i) A is the kernel of a * -representation of M*; 

(ii) W*(A) (which can be identified with the ultraweak closure of F(A) in W*(M*)) is a 
sub-coalgebra in W*(M*). 

Then A 1 - is a two-sided ideal in M . 

Proof. Denote I = W*(A) and W = W*(M if ). Since A is an ideal in M*, I is a (weakly 
closed) ideal in W . It has then the form / = pW for a central projection p G W. Set 
J = (1 — p)W. Then J is also a weakly closed ideal, and W = I © J. The predual B = W* 
splits then also into a direct sum B = J 1 - © I- 1 . The same sum can be also represented as 
B = p ■ B (B (1 — p) ■ B with the natural action (x ■ f3)(y) = (3(xy), where x, y G W, (3 G B. 

It is known that B is a Banach algebra due to existence of a comultiplication on W . We 
claim that I L is an ideal in B. Indeed, VF©IF = I®I © /©J © J®I © J©J. If a G B, 

£ I 1 then /©I © J©I C ker(a © (5). For every cc G / by assumption A(x) G /©/, so 
(a(3)(x) = (a © (3) (Ax) = 0, what means that a(3 G J . Similarly one gets (3a G I -1 . 

Consider now the map : £> — )• M, = x(Ffi). Since F is injective, F*(B) 

separates points and so is weakly dense in M. Obviously F^(I^) C A^. Moreover, F*(I ) 
is weakly dense in A^. This can be shown as follows: suppose the contrary, then there is 
\i G M* such that ^(F^I 1 )) = but /i^" 1 ) 7^ 0. This means that /i ^ (A- 1 )- 1 but FQi) G J. 

From assumption, it follows that A is M-weakly closed in M* (it is the kernel of a *- 
representations, so the common kernel of a family of linear functionals) . Thus, (^4" L ) _L = A 
and we have fj, ^ A. 

Let now 7r : M* — >• B(H) be a *-representation such that ^4 = ker7r. Then 7r(/i) 7^ since 
/x ^ A. By the universality property, there is a normal representation 7f of W such that 
7f o F = ir. Then tt(F(A)) = and as a consequence n(I) = since I is the weak closure of 
F(A). We have F(/i) G I, so 7f(F(/i)) = vr(/i) = 0. This contradiction proves that F*(J ) is 
weakly dense in A -1 ". 

Now let {} denote the weak closure in M. Since the multiplication is weakly separately 
continuous, for x = F*(y) with y G I L we get: xM = x{F*(B)} = {F*(yB)} C {^(F 1 )} C 
A- 1 . Further, for x G M we get: = {F*(/- L )}x = {F*(/- L )x} C {A- 1 } = A- 1 . For 

multiplication from the lest, the proof is the same. □ 

Proposition 7.4. If <&m is injective then (M®) 1 - is a two-sided ideal in M. 
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Proof. The preceding proposition applies, since M® is the kernel of the direct sum of all (non- 
equivalent) irreducible non-standard ^representations of M*, and W*(M®) is a coalgebra. □ 

Corollary 7.5. Suppose that &m *s injective. This is the case, in particular, if M is a Kac 
algebra. Then every representation which annihilates M® is non-standard. 

Proof. By the preceding proposition, / = (M®) 1 - is an ideal in M. By assumption &m '■ 
M* —> W*{M®) is injective; in particular, M t ° / {0}. This implies that / is a proper ideal. 
If now 7r is a representation of M* and ir(M®) = then the coefficients of tt are contained in 
/, so the ideal generated by the coefficients of it is proper and so tt is non-standard. □ 

In this case our dual algebra M is equal to the "unitary dual" W*U(M if ) of E. Kirchberg. 
In general, they may differ. In the example 15.21 M = {0} while W*U(M*) = C. The latter 
equality is obvious if we note that the integration over M is the only standard representation 
ofM*. _ 

From the results of [Kir], it now follows that Me?/ for every Kac algebra M: 

Theorem 7.6 (Kirchberg). If M is a Kac algebra, then M ~ M. 

8. More examples 

The duals of Kac algebras are described as follows: 

Proposition 8.1. If M is a Kac algebra, then M is equal to W*(M), the Fourier- Stieltjes 
algebra of M (see definition in [ES|. § 1.6],). 

Proof. It is known that every representation of M* has a generator |ESj . so M° = M*. By 
definition, W*(M) is the von Neumann envelope of M*. □ 

If M is a finite-dimensional Kac algebra, then W*(M) = M is also equal to the Kac dual 

of M (and is also finite-dimensional). Thus, M = M, as in the Kac theory. 

If M is infinite-dimensional, then its second dual is usually not equal to M. But, by 
Theorem 17.61 the first dual equals to the third dual, and so the second dual is a reflexive 

algebra in the sense of our duality. This allows to consider M as the full canonical form of 
M. 

The table below summarizes results on the duals of classical algebras, given by Propositions 
ESlandEU , , 



Algebra 


Dual 


C (G)** 


W*{G) 


C(G) 
W*{G) 


C (G)** 



And lastly, we give a description of commutative reflexive algebras. These are nothing but 
the algebras Co(G)** , where G is a locally compact group. 

Theorem 8.2. Let M be commutative and M ~ N for some N. Then there is a locally 
compact group G such that M ~ Cq(G)** . 

Proof. By construction, M = A** for the C*-algebra A = C*(N®), which is obviously com- 
mutative. Let G be the spectrum of A, so that A ~ Cq{G). This is a locally compact space 
in the topology Ta induced by the Gelfand transform of A. Since N® is dense in A, the same 
topology is generated by the Gelfand transform of A^. 
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Moreover, any subalgebra of C{G) containing Cq(G) generates the same topology Ta on 
G. Thus, the topology generated by iV* is not stronger than Ta, and with considerations 
above, it is equal to Ta- 

By definition (as the set of unitary characters of iV*), G is a subset of the unitary group 
of N, moreover, it is a subgroup. So G has a natural group structure. The group operations 
are continuous in the topology Tn induced by the ultraweak topology of N. But it is the 
A^-weak topology, and as we have shown above, it equals Ta- Thus, the group operations 
are continuous on G in Ta- 

Now, since A ~ C (G), we get M = W*(A) ~ C (G)** . □ 

Corollary 8.3. If M ~ M and M is commutative, then M ~ Cq(G)** for a locally compact 
group G. 
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